This study investigates an economic order quantity model of deteriorating items, where demand is fuzzy in nature and depends on promotional effort with full backorder for a given time horizon. The learning effect in the fuzzy environment is added in this model. A constant deterioration rate is assumed. Under these circumstances, a mathematical model is developed to curtail the total cost over a finite time horizon by determining the replenishment order quantity, number of replenishments, and the fraction of the replenishment cycle when inventory is positive. A solution algorithm is developed to find the optimal solutions. The applicability of the proposed model is illustrated through numerical examples. To get further insights, sensitivity analysis is carried out for the main parameters in crisp, fuzzy, and fuzzy-learning environments. Inventions 2019, 4, 36 2 of 16
Introduction
In today's highly competitive global era, most organizations face challenges to meet customer's ever-changing demands and to earn a profit. Use of promotion has been a marketing strategy for years. Even smaller organizations and retailers have used promotion to increase sales for more revenue and higher market share. Various promotional strategies such as price discounts, free goods, free credit period, and after sale services are widely used. The importance of promotional efforts also attracts the attention of researchers and practitioners. On this note, a first of its kind study was done by Tsao and Sheen [1] regarding policies on dynamic pricing, promotion, and replenishment under permissible payment delay with time-and price-dependent demand for deteriorating items. Zhang et al. [2] developed a finite horizon periodic model for maximizing profit by jointly optimizing pricing, promotion, and stock replenishment policy, being considered a single item. Grewal et al. [3] studied the broad advancement in pricing and promotion in retail while putting three key research areas, targeting, models, and design, before the researchers. Among others, researchers (Maihami and Karimi [4] , Palanivel and Uthayakumar [5] , Priyan et al. [6] , and Taleizadeh [7] ) have undertaken different interesting studies related to promotional efforts with sensitive demand in the inventory systems.
In this study, the ideas proposed by Glock et al. [36] are explored further to examine the impact of learning to reduce fuzziness within a finite time horizon and also to study how this reduction in fuzziness affects the operating strategy to reduce the total cost of a continuous review inventory system in a fuzzy environment. The concept of learning is applied for the fuzzy demand of deteriorating items in the presence of promotional effort. Numerical analysis is performed for a crisp and fuzzy model of a continuous review EOQ model (with or without learning) and the impact of learning on the optimal policy analyzed. Results obtained in this study have a profound impact on the decision maker's operation in an uncertain demand scenario and the total inventory cost gradually improving with the passage of time based on learning.
The rest of the paper is structured as follows: Section 2 presents a continuous review inventory system for the fuzzy demand of deteriorating items with promotional effort and learning in fuzziness for a finite time horizon. In Section 3, numerical analysis is done with an example, and sensitivity analysis is performed on a number of periods for the crisp, fuzzy, and fuzzy-learning scenario. Finally, conclusions and a possible extension of the model are presented in Section 4.
Mathematical Model

A Continuous Review Crisp Inventory Model (Model I)
Notation:
Parameters:
• H length of finite planning horizon • T time interval between replenishment • Q order quantity • D annual demand • A ordering cost ($/per order) • h holding cost ($/per unit) • c deteriorating cost ($/per unit) • s shortage cost ($/per unit) • φ constant deterioration rate • ρ promotional effort • k promotional cost for unit promotional effort • T i total elapsed time; this also includes the i th replenishment cycle where T 0 = 0, T 1 = T, T n = H • t i time at which the level of the inventory system for the i th replenishment cycle drops to zero • I(t) inventory level at time t • I m maximum inventory level • I b maximum shortage quantity • TC(n, F) total cost over the finite time horizon H Decision variables:
• n number of replenishments (integer) during the planing horizon H = nT • F fraction of period with a positive inventory in a replenishment cycle Assumptions:
1.
The planning horizon and order size are finite.
2.
The customer demand rate is given by the following expression D(ρ) = d 0 + d 1 ρ, where d 0 is the initial demand rate, independent of the sales team's effort ρ, and d 1 is a scale parameter of demand change, which varies with sales effort. Here, d 0 is a triangular fuzzy number
and ∆ l and ∆ r are determined by the decision maker.
3.
Shortage is allowed and is fully backlogged. The inventory model starts with shortage and ends with zero inventory.
4.
The replenishment rate is infinite, while the lead time is negligible.
5.
The deterioration rate is constant, and a fraction φ (0 ≤ φ ≤ 1) of inventory deteriorates per unit of time. No repair or replacement of deteriorated units is considered during the replenishment cycle. 6.
The promotional effort cost (PEC) is given by kρ m , where k > 0 and m are constants, and values are selected from the best fit of the promotional cost function (Soni and Suthar [8] ).
7.
Wright's [38] explanation of the learning effect is considered to characterize the learning phenomenon, while placing orders over the finite horizon.
The length of the finite planning horizon H = nT, where n represents an integer decision variable for the number of replenishments that has to be made during H, while T represents the time between two replenishments, which is shown in Figure 1 (see Taleizadeh and Nematollahi [43] ). The inventory level I(t) gradually decreases due to demand fulfillment and deterioration. Based on the aforementioned description, the inventory level in the system during the time interval (0 ≤ t ≤ T) can be expressed through the differential equation as described below:
Solving the above Equation (1) using the boundary condition I(t 1 ) = 0, the following solution can be found:
Again, solving the second differential equation, one gets:
The maximum level of inventory and backorder can be found at t = 0 and t = T from Equations (3) and (4), respectively, and presented as follows:
Therefore, the cost components of total inventory cost with n replenishments are computed as follows: (a) The ordering cost is A for each replenishment. Therefore, the total ordering cost (OC) is (n + 1) × A. (b) Using Equation (3), the inventory holding cost during the first cycle is given by:
Hence, the total holding cost (HC) for the time horizon H would be:
The deterioration cost (DC) during the first cycle is given by cD
Hence, the total deterioration cost for the time horizon H is given by
(d) Using Equation (4), the shortage cost (SC) during the first cycle is given by
Hence, the total shortage cost (SC) for the time horizon H would be SC = nsD 2
(e) The promotional effort cost (PEC) is given by kρ m . Therefore, the total promotional effort cost (PEC) for the time horizon H is given by nkρ m Hence, the total cost of the system over planning period H would be: 
The value of the deterioration rate is usually very small for real-world problems. The following expression can be used from a truncated Taylor series expansion by ignoring the higher order term (see Taleizadeh and Nematollahi [43] ):
Using the approximate value as per Equation (7), the total cost of the crisp model as per Equation (6) is rewritten as:
Considering first and second order partial derivatives of TC(n, F) with respect to n and F in Equation (8), one gets:
Therefore, from the classical EOQ model, we obtain the number of replenishments and the fraction of replenishment cycles by setting ∂TC(n, F) ∂F = 0 and ∂TC(n, F) ∂n = 0, and one gets:
Hence, the optimal replenishment number (n * C ) and fractional period of positive inventory (F * C ) can be determined using the minimum total cost condition as follows:
A sufficient condition for TC(n, F) to be minimum is to prove the convexity with the Hessian matrix as positive definite at (n, F). It can be shown as follows:
Therefore, the objective function TC(n, F) is a convex function of (n, F). Using the optimal replenishment number (n * C ) and the fraction of the period with positive inventory (F * C ), one can obtain the optimal order quantity (Q * C ) as:
A Fuzzy Continuous Review Inventory Model with an Imprecise Demand Rate (Model II)
In this section, the demand rate is assumed to follow D(ρ) = d 0 + d 1 ρ where d 0 is considered as a fuzzy variable, so that real scenarios can be represented in a more suitable manner with its flexibility. d 0 is treated as a triangular fuzzy number (TFN), then the cost function in (8) also becomes TFN. Thus, the problem can be stated as:
Minimize TC(n, F)
Using the function principle (see Chen et al. [44] ), the expressions for TC i (n, F), i = 1, 2, 3, are as follows:
Applying the centroid formula, the estimation of the total variable cost over the planning horizon H in the fuzzy case is given by:
Therefore, the total relevant cost over the finite horizon H for the fuzzy model would be as per Equation (18), which can be rewritten using Equation (7) as:
where
Again, considering the first and second order partial derivatives of GC(n, F) with respect to n and F in Equation (20), one gets:
Therefore, the optimal replenishment number (n * f ) and fraction of the cycle with positive inventory (F * f ) in the fuzzy scenario can be obtained from the equations ∂M( TC(n, F)) ∂F = 0 and ∂M( TC(n, F)) ∂n = 0, which implies:
Hence, the optimal replenishment number (n * f ) and fraction of the period with positive inventory (F * f ) can be determined from the minimum total cost condition as follows:
Theorem 1. The addition of two convex functions having the same interval would generate a convex function. If one of them is strictly convex, then the sum is also strictly convex.
It was already proven that TC(n, f ) is a convex function of (n, F). Now, for the sufficient condition for n and F to obtain the convexity of GC(n, F), its Hessian matrix must be positive definite at (n, F), and that requires:
Hence, the function GC(n, F) is a convex function of (n, F). Therefore, from the above proposition, it can be verified that M( TC(n, F)) is a convex function of (n, F) under the fuzzy sense, as well.
Similar to the crisp model, using the optimal replenishment number (n * f ) and fraction of period with positive inventory (F * f ), the optimal order quantity (Q * f ) for the fuzzy model can be derived as:
Fuzzy Learning in a Continuous Review Inventory Model (Model III)
In this section, the fuzzy model developed in the previous section is extended to incorporate the effect of learning. In real-life situations, decision makers collect information about the customer demand through various modes of interaction before processing an order. Thus, it may be concluded that the estimation of the learning effect is depended on the number of orders instead of the quantity of the order. Learning in fuzziness is assumed to follow the mathematical relationship formulated by Wright [38] and also used by many researcher's such as Yelle [45] and Jaber [46] , which can be written as:
where p i represents the performance at the time of the i th replenishment, p 1 is the performance at the starting of the planning period, the index i is the number of replenishments, and l is the learning exponent. If learning occurs as a function of the number of orders placed and affects the fuzzy parameters ∆ l and ∆ r subject to the same learning rate, then the value of the fuzzy parameter j, for j = 1 and 2, at the time of the i th order is given by the expression (Glock et al. [36] ):
Therefore, the total cost for the i th replenishment cycle with 1 < i ≤ n and n ≥ 2 is given as:
Thus, the total cost for n replenishments amounts to:
To continue, using Equation (7), the total relevant cost for the fuzzy-learning model, Equation (33), can be rewritten as:
The convex property of M f L ( TC(n, F)) is difficult to establish analytically due to the complex expression in Equation (34) . In such scenarios, numerical approaches are generally adopted. Therefore, we also ensured the convex nature of the objective function through a numerical process. It can be observed in Figure 2 that total cost functions for all the three models were convex in nature. We can observe that at (n f L ) = 15, the total cost for the fuzzy-learning model was $7136, and the total cost decreased with the increase in (n f L ). At (n f L ) = 22, the minimum cost for the fuzzy-learning model ($6412.73) was observed. Again, the total cost increased with the increase in (n f L ). Therefore, the cost function was found to be convex, and the developed algorithm would converge at the optimum number of replenishments. Hence, the following algorithm would ensure obtaining the optimal number of replenishments (n * f L and the fraction of the period with positive inventory F * f L ) for the fuzzy-learning model.
Algorithm.
Step 1 Input all the parameters.
Step 2 Choose an initial trial solution of (n * f L , F * f L ), say (n, F) = (n * f , F * f ), and compute M f L ( TC(n, F)) and M f L ( TC(n − 1, F)).
Step 3 If M f L ( TC(n, F)) ≥ M f L ( TC(n − 1, F)), then compute M f L ( TC(n − 2, F)), M f L ( TC(n − 3, F)),..., until the following inequality is satisfied M f L ( TC(u)) < M f L ( TCTC(u − 1)) or the number of replenishments becomes one. Accordingly, optimal values are set, i.e., (n * f L , F * f L ) = u, or n * f L = 1, and stop.
Once the optimal number of replenishments (n * f L ) and fraction of period of positive inventory (F * f L ) are evaluated, the optimal order quantity for the fuzzy-learning model can be derived as:
Numerical Analysis
In this section, the validity of the above models is examined with a continuous review inventory system. The annual customer demand rate is assumed to follow a linear function. With suitable units, the parameters for the three models are as follows: A = 80, H = 12, h = 0.4, d 0 = 1000, d 1 = 20, k = 10, m = 2, ρ = 2.5, φ = 0.15, c = 6, s = 3, ∆ l = 75, ∆ r = 150, and l = 0.5. The optimal solution for the number of replenishments (n) and the fraction of the period with positive inventory (F) for crisp, fuzzy, and fuzzy-learning models are presented with the corresponding optimal order quantity and total cost in Table 1 . The closed-form analytical solution approach and algorithm presented in Section 2.3 are applied to find these values. Based on the results presented in Table 1 , it is observed that total cost and order quantity were lesser for the fuzzy-learning model in comparison with the fuzzy model. This signifies the importance of learning in decision making. It can also been observed in Figure 2 that the total cost was more sensitive to the lower number of replenishments than the higher number of replenishments. The difference of the total cost between the models reduced as the number of replenishments increased. However, the order quantity continuously reduced (see Figure 3 ) as the number of replenishments increased, but the rate of reduction decreased as number of replenishments increased. 15 20 25 30 Number of replenishments To handle inaccuracy in customer demand estimation, it is beneficial to place a greater number of orders with a lesser order size in the initial period in spite of the high ordering cost, so that an adequate level of learning can be achieved in terms of process information, customer preference, organizational behavior, etc. Therefore, managers who work in erratic and unpredictable environments must take into account the impact of learning while selecting an optimal inventory policy.
Sensitivity analysis:
The sensitivity analysis was carried out on all the key parameters such as ordering cost (A), unit holding cost (h), deterioration rate (φ), promotional effort (ρ), amount of impreciseness (∆), and the learning factor (l) to get further insights. Ordering cost (A) was found to be a significant factor not only for the optimal number of replenishments (n), but also for the total cost (TC) and optimal order quantity (Q) (see Table 2 ). Low ordering cost (A) led to a greater number of replenishments (n) and a lesser order quantity (Q), which resulted in a significant reduction of total cost (TC). The number of replenishment (n) was more sensitive to the lower value of ordering cost (A) than a higher value, whereas the fraction of the period of positive inventory (F) remained unchanged. Table 2 . Effect of ordering cost (A) on the crisp, fuzzy, and fuzzy learning models. ( TC(n, F) Low unit holding cost (h) led to a lesser number of replenishments (n) and thus more order quantity (Q) (see Table 3 ). As a result, it also increased the value of the fraction of the period with positive inventory (F). Similarly, a low deterioration rate (φ) led to a lesser number of replenishments (n) and total cost (TC), but a higher value of the fraction of the period with positive inventory (F) and order quantity (Q) (see Table 4 ). Interestingly, order quantity (Q) was found to be reduced step wise with the increase in (h). It may be noted that the order quantity (Q) for the fuzzy model was more than the crisp and fuzzy-learning models, except for a few values such as (h) = 0.25, 0.60. This is because, these values of the number of replenishments (n) for the fuzzy model were greater than the other two models (see Table 3 ). Table 3 . Effect of holding cost (h) on the crisp, fuzzy, and fuzzy-learning models. ( TC(n, F) In the same way, it can be observed based on Table 5 that the increase in promotional effort (ρ) reduced the number of replenishments (n), remained insensitive to the fraction of the period of positive inventory (F), and increased the order quantity (Q) and total cost (TC). As impreciseness in demand (∆) increased, order quantity (Q) and total cost (TC) increased considerably for the fuzzy model, but the corresponding changes in the fuzzy-learning model were not significant (see Table  6 ). This reemphasizes the importance of learning while dealing with a fuzzy environment. It was also observed that the change in impreciseness in demand (∆) remained insensitive to the number of replenishments (n) and the fraction of the period of positive inventory (F). The learning factor (l) was also an important factor, as can be seen in Table 7 , and with the increase in the value of the learning factor (l), order quantity (Q) and total cost (TC) decreased, but no change was observed in the number of replenishments (n) and the fraction of the period of positive inventory (F). Table 5 . Effect of promotional effort (ρ) on the crisp, fuzzy, and fuzzy-learning models. TC(n, F) 
Crisp Fuzzy Fuzzy Learning
Conclusions
In this study, a continuous inventory control model was developed for the determination of the optimal number of replenishments, the fraction of the period with positive inventory, and their corresponding optimal order quantity for deteriorating items under promotional effort. The concept of the learning effect in a fuzzy environment was also addressed in this model. A promotional effort-dependent linear demand function was considered over the finite horizon. The model also considered shortage, and it was fully backlogged. Three separate models: crisp, fuzzy, and fuzzy-learning, were developed considering the above-mentioned features. A closed-form analytical solution was developed for the crisp and fuzzy model, whereas an algorithm was formulated for the fuzzy-learning model owing to the complex mathematical expression. Based on the optimal number of replenishments and the fraction of the period with positive inventory, the optimal order quantity was evaluated. Further, the proposed models were explained through a numerical example to emphasize the importance of the models. Sensitivity analysis was also carried out on key parameters to get further insights.
Developing a model to analyze the impact of preservation technology for deteriorating items and finding the optimal operational setup could be an interesting future work. 
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